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Abstract
Modular invariants of families of curves are Arakelov invariants in arithmetic algebraic ge-
ometry. All the known uniform lower bounds of these invariants are not sharp. For curves of
genus 2 over function fields, we get the sharp lower bounds of modular invariants. Moreover,
we construct infinitely many families with the minimal lower bounds. We also obtain a rigidity
property for families with minimal modular invariants. For general g ≥ 3, we obtain explicit
lower bounds of modular invariants depending only on g.
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1 Introduction
Without mention we always work on complex number field C. LetMg be the moduli space
of smooth curves of genus g, and Mg be the Deligne-Mumford compactification of Mg. The
boundary divisor ∂Mg is composed of ∆0,∆1, . . . ,∆[g/2]. A family of curves of genus g is a
surjective holomorphic morphism f : S → C whose general fiber is a smooth curve of genus g,
where S (resp. C) is a smooth projective surface (resp. curve). The family f is also called a
fibration.
The intersection theory of Mg is very beautiful. Witten’s conjecture is known as a part
of the intersection theory of divisor classes of Mg. The intersection theory of rational divisor
class γ ∈ Mg with curves C ⊂ Mg is also important in the theory of birational geometry of
Mg. Numerically, the intersection of γ with C can be regarded as the degree of γ on C.
Let Jf : C →Mg be the induced moduli map of f . The degree γ(f) = degJ
∗
f (γ) is called
the modular invariant of f corresponding to γ ([Ta10]). The modular invariant γ(f) satisfies
the base change property, i.e., if f˜ : X˜ → C˜ is the pullback fibration of f under a base change
pi : C˜ → C of degree d, then
γ(f˜) = d · γ(f). (1.1)
Thus modular invariants are independent of the choice of base changes.
Let λ be the Hodge divisor class of Mg, δ be the boundary divisor class, and δi be the
boundary divisor class of ∆i (i = 0, 1, . . . , [g/2]). Then there are corresponding modular
invariants λ(f), δ(f), and δi(f). We also denote by κ(f) the modular invariant corresponding
to κ = 12λ − δ. It is known that
δ(f) = δ0(f) + δ1(f) + · · ·+ δ[g/2](f). (1.2)
When g = 1, δ(f) is the number of poles of the J-function of the family (see [Li16] for
generalization). For g ≥ 2, it is shown ([Ta94, Ta96]) that λ(f) = 0 if and only if κ(f) = 0 if
and only if f is an isotrivial family. Now we always assume that f is non-isotrivial, then λ(f)
and κ(f) are both positive rational numbers.
These kinds of modular invariants are called Arakelov invariants ([Ja14]) in number field
case, and the modular invariant λ(f) is Faltings height in particular. The minimal uniform
lower bounds for these invariants are studied by many authors. In 1991, Mazur raised a
question on the minimized Faltings heights of varieties in PN , which was studied by Zhang
([Zh96]) partly. Some uniform lower bounds for Faltings δ-invariant of curves are also obtained
by Faltings et al ([Fa84, Wi16]...). But all these known bounds are not sharp.
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In this paper, we consider the above uniform lower bounds problem in the case of curves
over function fields. Our goal is to get the sharp lower bounds depending only on g and
characterize families with these minimal lower bounds.
1.1 The best lower bounds of modular invariants
When g = 1, the best lower bounds are κ(f) = 0, λ(f) ≥ 1
12
and δ(f) ≥ 1. We believe that
these bounds of modular invariants are known to experts. Hence we only considered g ≥ 2 in
this paper. In fact, the best lower bounds for g = 1 can be obtained using the method in this
paper.
For g = 2, we have the following sharp lower bounds of modular invariants.
Theorem 1.1. Let f : S → C be a non-isotrivial fibration of genus 2, then
λ(f) ≥
1
60
, κ(f) ≥
1
15
, δ(f) ≥
1
12
, (1.3)
and each equality can be reached. If any of the equalities is reached, then qf = q(S)−g(C) = 0.
Furthermore,
1) λ(f) = 1
60
if and only if δ(f) = 1
12
if and only if all the singular fibers of f have smooth
reduction except one whose dual graph is either Figure 1(a) or Figure 1(b).
Here
n
◦ denotes a smooth rational curve with multiplicity n, and thick edges denote principal
chains (see Definition 2.1).
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Figure 1: Extremal fibers for δ1
2) κ(f) = 1
15
if and only if all the singular fibers of f have smooth reduction except one
whose dual graph is either Figure 2(a) or Figure 2(b).
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Figure 2: Extremal fibers for δ0
We prove that these lower bounds are optimum by giving examples.
Theorem 1.2. There exists a family of fibration (fλ,n : Sλ,n → P
1)n∈N (resp. (fκ,n :
Sκ,n → P
1)n∈N) of genus 2 with λ(fλ,n) =
1
60
, δ(fλ,n) =
1
12
(resp. κ(fκ,n) =
1
15
, λ(fκ,n) =
1
30
, δ(fκ,n) =
1
3
), satisfying that the image of fλ,n (resp. fκ,n) in Mg by the moduli map
J : P1 →Mg is the same as that of fλ,0 (resp. fκ,0), for each n ∈ N.
Moreover, if n = 0, then Sλ,0 and Sκ,0 are both rational surfaces.
We will prove this theorem by two propositions, Proposition 6.1 and Proposition 6.2.
Remark 1.3. From Theorem 1.1, we know that if f has λ(f) = 1
60
, then δ(f) = 1
12
, and
κ(f) = 7
60
6= 1
15
by Noether equality. Hence, there exists no family f such that both λ(f) and
δ(f) are minimal.
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Let λ(g) be the sharp lower bound of λ(f) for non-isotrivial families of curves f of genus
g. Then, from the above, we know that λ(1) = 1
12
, λ(2) = 1
60
. It is interesting to know the
sharp bound λ(g) for each g.
For g ≥ 3, we know the following uniform lower bounds of modular invariants, depending
only on g.
Theorem 1.4. Suppose f : S → C is a fibration of genus g ≥ 3, and δ(f) 6= 0, then
λ(f) ≥
1
16g(2g + 1)
, δ(f) ≥
1
4(2g + 1)2
, κ(f) ≥
g − 1
4g2(2g + 1)
.
The lower bounds in Theorem 1.4 are not sharp. Note that we have obtained lower bounds
of δi(f) in [LT17].
Now let’s consider the following ordinary different equation
F :
dy
dx
=
Q(x, y)
P (x, y)
, (1.4)
where P and Q are relatively coprime polynomials. If there is a pencil of plane algebraic
curves
Ct : g(x, y)− tf(x, y) = 0, t ∈ P
1, (1.5)
such that P = f ∂g
∂y
− g ∂f
∂y
, Q = g ∂f
∂x
− f ∂g
∂x
, then dt = 0 induces an equation
d
( g(x, y)
f(x, y)
)
= 0,
which is the same as (1.4). In this case, we say that (1.4) has a rational first integral, and the
pencil Λ = {Ct : t ∈ P
1} is called its integral pencil.
Recently, the second author have defined new invariants, Chern numbers ([Ta]), of F ,
c21(F), c2(F), χ(F) :=
c21(F) + c2(F)
12
.
If F is an equation with a rational first integral, its Chern numbers are just the modular
invariants of its integral pencil Λ ([Ta]), i.e.,
c21(F) = κ(Λ), c2(F) = δ(Λ), χ(F) = λ(Λ). (1.6)
Since the degree of F can not determine the genus g of Λ ([LN02]), it is interesting to get
an explicit lower bounds of modular invariants independent of the genus g. Thus the following
question is raised naturally:
Question 1.5. Is there a positive real number r0 > 0 with
inf
g≥1
λ(g) ≥ r0?
There are similar questions for modular invariants κ(f) and δ(f).
Since modular invariants are heights in arithmetic algebraic geometry, all these questions
relate to finiteness of points on curves.
As a test of this question, the families in [LT13a] satisfy that λ(f) (resp. κ(f)) goes to 1/8
(resp. 3/2) as g tends to infinite.
1.2 Rigidity property
An integral pencil of (1.4) is a fibration from a rational surface. On the other hand, each
fibration from a rational surface is birationally equivalent to an integral pencil of some ordinary
differential equation.
Thus we consider rigidity properties with the assumption that the fibred surface is rational.
Theorem 1.6. 1) There are only finitely many fibrations f : S → C of genus 2 such that S
is a rational surface S, and λ(f) = 1
60
.
2) There are only finitely number fibrations f : S → C of genus 2 such that S is a rational
surface S, and κ(f) = 1
15
.
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The organization of this paper is as follows.
In Section 2, we introduce the definition and properties of principal chains. The computa-
tion on principal chains is fundamental in this paper. In Section 3, we prove the inequalities
in Theorem 1.1, and then obtain the equivalent conditions for families with the minimal mod-
ular invariants. Theorem 1.2, the optimum of the lower bounds in Theorem 1.1, is proved in
Section 6. In Section 5, we use the results in [LT17] to prove Theorem 1.4. The rigidity result,
Theorem 1.6, is proved in Section 4, using the theory of Chern numbers of fibers (see [Ta10]).
2 Principal Chains
Let F be a singular fiber of f : S → C. Let F¯ be a birational model of F such that F¯
is normal crossing and F¯red has at worst ordinary double points as its singularities. If F¯ has
no (−1)-curves meeting other components at no more than two points, then F¯ is called the
minimal normal crossing model of F (see [LT13b, §2.1]). Blowing up the singularities of the
fibers of f , we can obtain a fibration f¯ : S¯ → C such that each singular fiber of f¯ is minimal
normal crossing. If p is a node of F¯ , let the multiplicities of the two local components of (F¯ , p)
be ap and bp, then we define
βp :=
gcd(ap, bp)
2
apbp
. (2.1)
If F is a reduced connected curve, every smooth rational component of F meets the other
components at no less than 2 points, and F has only nodes as singularities, then F is called
semistable. The fibration f is called semistable if all the singular fibers are semistable curves.
We always assume that f is relative minimal, i.e., there is no (−1)-curve in any singular fiber.
If the pullback fiber F˜ of F under a base change pi of degree d is semistable, then F˜ is
called a d-th semistable model of F , see [LT17, §2].
We say that a singularity p in a semistable curve F˜ is a node of type i if its partial
normalization at p consists of two connected components of arithmetic genera i and g− i ≥ i,
for i > 0, and is connected for i = 0.
Let δi(F˜ ) be the number of nodes of type i in F˜ , then we define
δi(F ) :=
δi(F˜ )
d
, i = 0, 1, . . . , [g/2]. (2.2)
This definition is independent of the choice of the semistable model of F . Remark that
δ(F ) := δ0(F ) + δ1(F ) + · · ·+ δ[g/2](F ) (2.3)
is zero if and only if F has smooth reduction, i.e., F˜ is smooth.
Let F1, . . . , Fs be all the singular fibers of f . If we choose a base change totally ramified
over f(F1), . . . , f(Fs) such that all the fibers of the pullback fibration f˜ : S˜ → C˜ are semistable,
then (see [CH88])
δi(f˜) = δi(F˜1) + · · ·+ δi(F˜s).
So we have that
δi(f) = δi(F1) + · · ·+ δi(Fs), i = 0, 1, . . . , [g/2]. (2.4)
If D is an irreducible singular component of F˜ , then all the singularities of D are nodes,
since F˜ is semistable. After a base change of degree 2, the strict transform of D is smooth.
Thus we may always assume that each irreducible component of F˜ is smooth, because δi(F )
is independent of the choice of the semistable model F˜ .
An irreducible component C of F¯ is said to be principal if either C is not smooth rational,
or C meets other components of F¯red at no less than 3 points.
Definition 2.1. Let F be a singular fiber of f , and F¯ be its minimal normal crossing model.
Let C be the following subgraph of the dual graph G(F¯ ) of F¯ ,
n(C1)=γ0
C1=Γ0
γ1
Γ1
γ2
Γ2
γr
Γr
n(C2)=γr+1
C2=Γr+1
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where C1 and C2 are two principal components of F¯ (C1, C2 may be the same), n(Cj) =
multCj (F¯ ) (j = 1, 2), γk = multΓk(F¯ ) (0 ≤ k ≤ r + 1), and Γk
∼= P1 (1 ≤ k ≤ r) is not a
principal component of F¯ . Then we call C a principal chain between C1 and C2, and we set
C = 〈C1, C2〉 if there is no confusion.
For any node p of C, if all the nodes of the preimage of p in F˜ under the base change pi are
of type i, then we call C a principal chain of type i (see [LT17, §2]). For example, if C1 = C2,
then C = 〈C1, C2〉 is of type 0. Denote by PCi(F¯ ) all the principal chains of F¯ of type i.
Let C = 〈C1, C2〉 be a principal chain in Definition 2.1, we define
H(C) :=
∑
p∈C
βp =
r∑
i=0
βpi =
r∑
i=0
gcd(γi, γi+1)
2
γiγi+1
, (2.5)
where pi is the node of Γi and Γi+1. Hence, by [LT17, Lemma 3.1], we have that
δi(F ) =
∑
C∈PCi(F¯ )
H(C) =
∑
C∈PCi(F¯ )
∑
p∈C
βp, i = 0, 1, 2, . . . , [g/2]. (2.6)
3 Best lower bounds of modular invariants for g = 2
In this section, we will discuss the best lower bounds of modular invariants for families of
curves of genus 2. For this purpose, we give the best lower bounds of δi(F ) firstly.
There is a geometrical classification of singular fibers of genus 2 in [NU73], and we use this
classification and notations in [NU73] in the following theorem. For convenience, we point out
the page numbers in [NU73] where these notations are appeared.
Theorem 3.1. Let F be a singular fiber of genus 2.
(1) If δ1(F ) 6= 0, then δ1(F ) ≥
1
12
. If δ1(F ) =
1
12
, then the dual graph of F is one of the
two graphs in Figure 1. The fiber F with dual graph Figure 1(a) (resp. Figure 1(b)) is of type
[IV − III∗ − α] (resp. [II∗ − III− α]) in [NU73, P.167].
(2) If δ0(F ) 6= 0, then δ0(F ) ≥
1
3
. If δ0(F ) =
1
3
, then the dual graph of F is one of the
two graphs in Figure 2. The fiber F with dual graph Figure 2(a) (resp. Figure 2(b)) is of type
[II− II∗n] with n = 0 in [NU73, P.176] (resp. [IV
∗ − IIn] with n = 0 in [NU73, P.176]).
Proof. From the listed graphs of the fibers in [NU73], we observe the following properties by
(2.1), (2.5) and (2.6) directly.
(i) If F is of elliptic type [1] (see [NU73, Definition 5]), then the stable model of F is
smooth, hence δ0(F ) = δ1(F ) = 0.
(ii) If F is of parabolic type [4] or [5], then βp ≥
1
2
for every node p of principal chains.
(iii) If F is of parabolic type [3], then either δ0(F ) 6= 0, δ1(F ) = 0 or δ0(F ) 6= 0, δ1(F ) 6= 0.
Moreover, for every principal chain C of F , there is at least one node p ∈ C such that βp ≥
1
6
.
(iv) If F is of elliptic type [2], then δ0(F ) = 0, δ1(F ) > 0, and there is at least one node
p for every principal chain with βp ≥
1
6
, except three fibers [II∗ − IV− α], [II∗ − III− α] and
[IV − III∗ − α].
Using this observation, we can use (2.6) to prove the theorem as follows.
(1) Since δ1(F ) 6= 0, we do not need to consider fibers of elliptic type [1] by (i). If F is of
parabolic type [4] or [5], and δ1(F ) 6= 0, by (ii) and (2.6), then we have that
δ1(F ) =
∑
C∈PC1(F¯ )
H(C) =
∑
C∈PC1(F¯ )
∑
p∈C
βp ≥
1
2
>
1
12
.
By the same reasoning, for the remaining cases (F is either of parabolic type [3] or of elliptic
type [2]), we only need to show δ1(F ) ≥
1
12
holds for the exceptional three fibers in (iv). If F
is of type [II∗ − IV− α], then
δ1(F ) =
∑
C∈PC1(F )
∑
p∈C
βp =
1
3 · 4
+
1
4 · 5
+
1
5 · 6
=
1
6
>
1
12
.
Similarly, if F is of type [II∗ − III− α] or [IV− III∗ − α], then δ1(F ) =
1
12
. Hence we obtain
the result.
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(2) This proof is similar to (1). Since δ0(F ) 6= 0, we do not need to consider fibers of
elliptic type [1] and [2] from (i) and (iv). If F is of parabolic type [4] or [5], then we know
that δ0(F ) ≥
1
2
> 1
3
as above. So we only need to consider F of parabolic type [3].
From the listed graphs of fibers of parabolic type [3], we can observe that:
(v) If F has at worst ordinary double point in its graph, then δ0(F ) ≥
1
3
using (2.6) directly.
Furthermore, there are exactly two fibers with δ0(F ) =
1
3
, which are stated in the theorem.
(vi) Otherwise, there are 8 singular fibers, [II− In −m], [II− I
∗
n −m], [IV − I
∗
n −m], [IV − IIn],
[II− II∗n], [III− I
∗
n −m], [III− IIn], [III− II
∗
n]. For each F of these 8 singular fibers, we take its
minimal normal crossing model F¯ . Then we can check that δ0(F ) >
1
3
easily case by case.
Remark 3.2. In [Liu], we establish a relationship between modular invariants and fractional
Dehn twist coefficients. Thus we can use topological method to prove Theorem 3.1, which is
more complicated. But the topological method can be used to obtain similar result for genus
g ≥ 3.
Now we can use Theorem 3.1 to prove Theorem 1.1.
Proof of Theorem 1.1. Since f is a family of curves of genus 2, by (2.4) we know that ([Ta10,
(4.4)])
λ(f) =
1
10
δ0(f) +
1
5
δ1(f) =
1
10
s∑
i=1
δ0(Fi) +
1
5
s∑
i=1
δ1(Fi),
κ(f) =
1
5
δ0(f) +
7
5
δ1(f) =
1
5
s∑
i=1
δ0(Fi) +
7
5
s∑
i=1
δ1(Fi),
(3.1)
where δk(Fi) ≥ 0 for each k and i.
Because f is non-isotrivial, there is at least one singular fiber of f , say F1, with δ(F1) > 0.
So there are the following two cases.
Case 1: δ0(F1) 6= 0. By (3.1) and Theorem 3.1 (2), we know that
λ(f) =
1
10
s∑
i=1
δ0(Fi) +
1
5
s∑
i=1
δ1(Fi) ≥
1
10
δ0(F1) ≥
1
10
×
1
3
=
1
30
,
δ(f) =
s∑
i=1
δ0(Fi) +
s∑
i=1
δ1(Fi) ≥ δ0(F1) ≥
1
3
,
κ(f) =
1
5
s∑
i=1
δ0(Fi) +
5
7
s∑
i=1
δ1(Fi) ≥
1
5
δ0(F1) ≥
1
5
×
1
3
=
1
15
.
(3.2)
Case 2: δ1(F1) 6= 0. Similarly, we have that
λ(f) ≥
1
5
×
1
12
=
1
60
, δ(f) ≥
1
12
, κ(f) ≥
7
5
×
1
12
=
7
60
.
From the above two cases, it is easy to see that
λ(f) ≥ min{
1
30
,
1
60
} =
1
60
, δ(f) ≥ min{
1
3
,
1
12
} =
1
12
, κ(f) ≥ min{
1
15
,
7
60
} =
1
15
.
Moreover, λ(f) = 1
60
if and only if δ(f) = 1
12
.
If λ(f) = 1
60
, then by (3.2) and Theorem 3.1, there is exactly one singular fiber F with
nonzero δ(F ), and furthermore δ(F ) = δ1(F ) =
1
12
. The dual graph of F is either Figure 1(a) or
Figure 1(b) by Theorem 3.1. Any other singular fiber F ′ of f satisfies that δ0(F
′) = δ1(F
′) = 0,
so the stable model of F ′ is smooth, that is, F ′ has smooth reduction. Since every component
of F is rational, we know that qf = 0 by [LTYZ13, Lemma 4.1].
If κ(f) = 1
15
, we have that there is exactly one singular fiber F of f whose δ(F ) = δ0(F ) =
1
3
, thus the dual graph of F is either Figure 2(a) or Figure 2(b). All other singular fibers of f
have smooth reduction. In this case, the proof of qf = 0 is the same as above.
So far we have completed the proof except that each equality of (1.3) can be reached, which
will be proved by examples in Section 6.
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4 Proof of rigidity
Now we want to study rigidity properties of non-isotrivial families of curves with minimal
modular invariants.
For each fibration f : S → C where C is of genus b, we have three fundamental relative
invariants which are non-negative,
K2f = K
2
S/C = K
2
S − 8(g − 1)(b− 1),
ef = χtop(S)− 4(g − 1)(b− 1),
χf = deg f∗ωS/C = χ(OS)− (g − 1)(b− 1).
(4.1)
If f is semistable, then
λ(f) = χf , δ(f) = ef , κ(f) = K
2
f . (4.2)
If ef 6= 0, then χf and K
2
f are positive.
Chern numbers c21(F ), c2(F ), χF of a singular fiber F are defined as follows (see [Ta10]),

c21(F ) = 4NF + F
2
red + αF − β
−
F ,
c2(F ) = 2NF + µF − β
+
F ,
12χF = 6NF + F
2
red + αF + µF − βF .
(4.3)
For the notations here, we refer to [Ta10, §1] and [LT13a, §2]. By (4.3), it is easy to get Chern
numbers of the extremal fibers in Theorem 3.1, see Figure 3. For similar detailed computation,
we refer to [LT13a]. In Figure 3, F1(a) stands for the singular fiber whose dual graph is Figure
1(a), and the other three are similar.
F NF F
2
red µF αF β
−
F β
+
F βF χF c
2
1(F ) c2(F )
F1(a) 2 −4 7 0
23
12
1
12 2
13
12
25
12
131
12
F1(b) 2 −4 7 0
23
12
1
12 2
13
12
25
12
131
12
F2(a) 1 −2 5 1
5
3
1
3 2
2
3
4
3
20
3
F2(b) 1 −1 4 0
2
3
1
3 1
2
3
7
3
17
3
Figure 3: Chern numbers of extremal singular fibers
The relative invariants can be obtained from modular invariants and Chern numbers of
singular fibers (see [Ta94, Ta96]), i.e.,

K2f = κ(f) +
∑s
i=1 c
2
1(Fi),
ef = δ(f) +
∑s
i=1 c2(Fi),
χf = λ(f) +
∑s
i=1 χFi .
(4.4)
Let F be a singular fiber of genus 2 with smooth reduction, then F is of elliptic type
[1] in [NU73]. The Chern numbers of these fibers have been computed in [GLT16]. We
rewrite the obtained table in [GLT16, §5.1] as Figure 4 in the following for conveniece, where
χF =
1
12
(c21(F ) + c2(F )).
From Figure 4, we know that χF ≥
2
5
. Furthermore if χF 6=
2
5
, then χF ≥
1
2
.
Proof of Theorem 1.6. Since S is a rational surface, q(S) = pg(S) = 0, χ(OS) = 1, and C ∼= P
1.
Thus
χf = χ(OS) + 1 = 2.
(1). Since λ(f) = 1
60
, there is only one singular fiber, say F1, whose dual graph is either
Figure 1(a) or Figure 1(b) by Theorem 1.1. From Figure 3, we know that χF1 =
13
12
. By (4.4),
2 = χf = λ(f) +
s∑
i=1
χFi =
1
60
+
13
12
+
s∑
i=2
χFi ≥
11
10
+ (s− 1)
2
5
.
7
F [I∗0−0−0] [II] [III] [IV] [V] [V
∗]
(c21, c2, χ) (2, 10, 1) (2, 4,
1
2 ) (2, 10, 1) (3, 9, 1) (1, 5,
1
2 ) (3, 15,
3
2 )
F [VI] [VII] [VII∗] [VIII-1] [VIII-2] [VIII-3]
(c21, c2, χ) (2, 10, 1) (1, 5,
1
2 ) (3, 15,
3
2 ) (
4
5 , 4,
2
5 ) (
12
5 , 12,
6
5 ) (
13
5 , 7,
4
5 )
F [VIII-4] [IX-1] [IX-2] [IX-3] [IX-4]
(c21, c2, χ) (
16
5 , 16,
8
5 ) (
8
5 , 8,
4
5 ) (
6
5 , 6,
3
5 ) (
14
5 , 14,
7
5 ) (
12
5 , 12,
6
5 )
Figure 4: Chern numbers of singular fibers with smooth reduction
Hence s ≤ 3. If f has only two singular fibers, then f is isotrivial (see [Be81]), and λ(f) = 0.
Therefore f has three singular fibers exactly. We may assume that the singular fibers are over
three fixed points of P1 by projective transformation. Then the desired finiteness is from the
solved Shafarevich conjecture (see [Ar71, Pa68]).
(2). Since κ(f) = 1
15
, there is only one singular fiber, say F1, whose dual graph is either
Figure 2(a) or Figure 2(b) by Theorem 1.1. Hence in this case, λ(f) = 1
30
by (3.1) and
Theorem 3.1. From Figure 3, we see that χF1 =
2
3
, then
2 = χf = λ(f) +
s∑
i=1
χFi =
1
30
+
2
3
+
s∑
i=2
χFi ≥
7
10
+ (s− 1)
2
5
.
Hence s ≤ 17
4
, s ≤ 4. If s = 4, then we can not find another three singular fibers with smooth
reduction such that χf = 2 from Figure 4. Hence we have that s = 3. So the finiteness is the
same as (1).
5 Lower bounds of modular invariants for g ≥ 3
In this section, we will use the result of [LT17] to give the proof of lower bounds of modular
invariants of g ≥ 3.
Proof of Theorem 1.4. Since δ(f) 6= 0, there exists 0 ≤ i ≤ [g/2] such that δi(f) 6= 0. From
[LT17, Theorem 1.4], we know that if δi(f) 6= 0, then
δi(f) ≥
{
1
4g2
, if i = 0,
1
(4i+2)(4(g−i)+2)
, if i ≥ 1.
In this proof, we use the following Moriwaki’s inequality (see [Mo98, Theorem D])
(8g + 4)λ(f) ≥ gδ0(f) +
[g/2]∑
i=1
4i(g − i)δi(f). (5.1)
If δ0(f) 6= 0, then, by (5.1),
λ(f) ≥
1
8g + 4
· g ·
1
4g2
.
If δi(f) 6= 0 for some i ≥ 1, then
λ(f) ≥
1
8g + 4
· 4i(g − i) ·
1
(4i+ 2)(4(g − i) + 2)
.
Hence, combining all these cases, we have that
λ(f) ≥
1
8g + 4
min{g ·
1
4g2
,
4(g − 1)
(4 + 2)(4(g − 1) + 2)
, . . . ,
4[ g
2
](g − [ g
2
])
(4[ g
2
] + 2)(4(g − [ g
2
]) + 2)
}
≥
1
16g(2g + 1)
.
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By Cornalba-Harris-Xiao’s slope inequality ([Xi87, Theorem 6.1.5]), we have that
κ(f) ≥
4g − 4
g
λ(f) ≥
g − 1
4g2(2g + 1)
.
6 Examples with minimal modular invariants
Before we give examples, we introduce the relative ramification index, which will be used
in the examples.
A reduced divisor D of S is called vertical, if f(D) is a point. Suppose D contains no
vertical component, then f induces a morphism φ : D → C. Let
ρ = ρ1 ◦ · · · ◦ ρr : (S˜, D˜) = (Sr, Dr)
ρr
→ (Sr−1, Dr−1)→· · ·
ρ2→ (S1, D1)
ρ1→ (S0, D0) = (S,D)
be the resolution of D, where Di is the strict transform of Di−1, D˜ is smooth, and ρi is a
blowing-up at a singularity of Di−1 with multiplicity mi. Then the relative ramification index
of φ is defined to be
r(D) := deg R˜ +
r∑
i=1
mi(mi − 1), (6.1)
where deg R˜ is the ramification index of the induced morphism φ˜ : D˜ → C. Then
r(D) = KS/CD +D
2, (6.2)
which is a generalized Riemann-Hurwitz formula (See [Xi92], Lemma 2.4.8).
Now we give the examples with minimal modular invariants.
Proposition 6.1. There is a family of fibrations (fλ,n : Sn → P
1)n∈N of genus 2 with
λ(fλ,n) =
1
60
, δ(fλ,n) =
1
12
, satisfying that the image of fλ,n in Mg induced by the mod-
uli map Jfλ,n : P
1 →Mg is invariant for any n ∈ N. Moreover, if n = 0, then S0 is a rational
surface.
Proof. Let Γt be the fiber over t ∈ P
1 of the second projection
p2 : P = P
1 × P1 → P1, p2((x, t)) = t.
Let Rh be the divisor on P , whose affine equation is
h(x, t) = x6 + (15x4 + 40x3)t− (45x2 + 24x)t2 + 5t3. (6.3)
Let Rλ,n = Rh + Γ∞ +
∑2n
i=1 Γi, where n ≥ 0 and Γi’s are generic fibers of p2. Here, when
n = 0, the sum means that there is no generic fiber. Then there is an invertible sheaf δλ,n
with OP (Rλ,n) ∼= δ
⊗2
λ,n, and there is a double cover pin : S
′
n → P whose branch locus is Rλ,n,
see [BPV84, §I17]. Taking birational transforms, we can obtain a relative minimal fibration
fλ,n : Sn → P
1 induced by the second projection p2.
Case 1: n = 0. Denote fλ,0 (resp. Rλ,0) by fλ (resp. Rλ) for brief.
Claim A: There are exactly three singular fibers F0 = f
−1
λ (0), F−1 = f
−1
λ (−1) and
F∞ = f
−1
λ (∞) in fλ. Moreover, F0 is the fiber in Theorem 1.1, F−1 is of type [VIII-1]
and F∞ is of type [II], see [NU73] for the notations.
Assume Claim A firstly, then we have that
λ(fλ) =
1
60
, δ(fλ) =
1
12
,
by Theorem 1.1, for both F−1 and F∞ have smooth reduction. Furthermore, κ(fλ) =
7
60
by
the Noether equality 12λ(fλ) = κ(fλ) + δ(fλ). From (4.4), Figure 3 and Figure 4, we know
that
K2fλ = κ(fλ) + c
2
1(F0) + c
2
1(F−1) + c
2
1(F∞) =
7
60
+
25
12
+
4
5
+ 2 = 5.
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Since K2fλ = 5 < 6, S0 is a ruled surface by [TTZ05, Theorem 0.2]. By Theorem 1.1, we know
that qfλ = q(S0) = 0. Hence S0 is a rational surface.
Case 2: n ≥ 1.
Comparing Rλ,n with Rλ, it is easy to see that fλ,n has 2n + 3 singular fibers, three of
them are the same as singular fibers of fλ and the rest are all of type [I
∗
0−0−0]. Hence
λ(fλ,n) =
1
60
, κ(fλ,n) =
7
60
, δ(fλ,n) =
1
12
,
by Theorem 1.1.
For each integer n > 0, the family fλ,n is the same as fλ except a finite fibers. So the
image of fλ,n in Mg induced by the moduli map Jfλ,n : P
1 →Mg is the same as that of fλ.
Hence we will complete our proof after proving Claim A.
Proof of Claim A: See Figure 5 for the branch locus Rλ in P .
(P1, t)
−1 0 ∞
Γ
−1
5
(−1,−1)
Γ0
3
2
(0,0)
Γ∞
2
22
(∞,∞)
Figure 5: Branch locus of fλ
Denote by ri(Rh) the contribution of the point (x, t) = (i, i) (i = −1, 0,∞) to the relative
ramification index r(Rh).
F0: Let p be the point (x, t) = (0, 0). The local equation of Rh near p is h(x, t) in (6.3), thus
(1) The root x = 0 of h(x, 0) = 0 is with multiplicity 6.
(2) The point p is a singularity of Rh with multiplicity m1 = 3, and the vertical direction
is a tangent line of Rh with multiplicity 2.
(3) From the following figure of resolution of p, we have that r0(Rh) = m1(m1 − 1) +
m2(m2− 1) + 3 = 11, where 3 comes from the contribution of smooth ramification points (see
(6.1)).
p
m1=3←−
2
m2=2←−
Hence the dual graph of F0 is Figure 1(a).
F−1: The local equation of Rh near (x, t) = (−1,−1) is
h−1(u, s) := h(u− 1, s− 1)
=u6 − 6u5 + (15u4 − 20u3 + 60u2 − 72u+ 32)s+ (−45u2 + 66u− 36)s2 + 5s3.
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So Rh is smooth near (u, s) = (0, 0), and u = 0 is a root of f(u, 0) = u
6−6u5 with multiplicity
5. Thus r−1(Rh) = 4.
The local equation of Rh near (x, t) = (−1,−1) is the same as y
2 = x5 + t, and F−1 is
of type [VIII-1] whose dual graph is Figure 6(a). (See Figure 6, where • denotes a smooth
elliptic curve.)
−1−10
1 10
5
4
−3
2
Figure (a): f−1λ (−1)
1
−1
2 1
Figure (b): f−1λ (∞)
−5 −1
1 5
−3
2 1
2 1
−3
Figure (c): f−1κ (0)
Figure 6: Singular fibers in fibrations with minimal modular invariants
F∞: Let q be the point (x, t) = (∞,∞). The local equation of Rh near q is
h∞(w, r) := w
6r3h(
1
w
,
1
r
) = 5w6 − (24w5 + 45w4)r + (40w3 + 15w2)r2 + r3. (6.4)
Then we know that
(1) The root w = 0 of h∞(w, 0) = 0 is of multiplicity 6.
(2) The point q is a singularity of Rh with multiplicity m1 = 3, and the vertical direction
is a tangent line of Rh with multiplicity 3.
(3) From the following figure of resolution of q, we have that r∞(Rh) = m1(m1 − 1) +
m2(m2 − 1) + 3 = 15.
q
m1=3←−
m2=3←−
Hence the local equation of Rh near q is the same as y
2 = tΠ3i=1(x
2 + αit), F∞ is of type
[II] and the dual graph of F∞ is Figure 6(b).
Now we know that the relative ramification of Rh is
r(Rh) = KP/P1Rh +R
2
h = 30 ≥ r−1(Rh) + r0(Rh) + r∞(Rh) = 30.
So fλ has no other singular fibers.
Proposition 6.2. There is a family of fibrations (fκ,n : Xn → P
1)n∈N of genus 2 with
κ(fκ,n) =
1
15
, λ(fκ,n) =
1
30
, δ(fκ,n) =
1
3
, satisfing that all the images of fκ,n’s in Mg by the
moduli map J : P1 →Mg are the same. Moreover, if n = 0, then X0 is a rational surface.
Proof. This proof is similar to that of Proposition 6.1.
Let Γt be the fiber over t ∈ P
1 of the second projection
p2 : P = P
1 × P1 → P1, p2((x, t)) = t.
Let Rg be the divisor on P , whose affine equation is
g(x, t) = 5x6 − 18x5 + (15x4 + 20x3)t+ (−45x2 + 30x− 16)t2 + 9t3. (6.5)
Let Rκ,n = Rg+Γ∞+
∑2n
i=1 Γi, where n ≥ 0 and Γi’s are generic fibers of p2. Combining with
the second projection p2, let fκ,n : Xn → P
1 be the relative minimal fibration determined by
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the double cover over P whose branch locus is Rκ,n.
Case 1: n = 0. Denote fκ,0 (resp. Rκ,0) by fκ (resp. Rκ) for brief.
Claim B: There are exactly three singular fibers F1 = f
−1
κ (1), F0 = f
−1
κ (0) and F∞ =
f−1κ (∞) in fκ. Moreover, F1 is the fiber in Theorem 1.1, F0 is of type [IX-1] and F∞ is of
type [II], see [NU73] for the notations.
Assume Claim B firstly, then we have that
κ(fκ) =
1
15
, δ(fκ) =
1
3
,
by Theorem 1.1, for both F0 and F∞ have smooth reduction. Furthermore, λ(fκ) =
1
30
by the
Noether equality. From (4.4), Figure 3 and Figure 4, we know that
K2fκ = κ(fκ) + c
2
1(F1) + c
2
1(F0) + c
2
1(F∞) =
1
15
+
4
3
+
8
5
+ 2 = 5.
Since K2fκ = 5 < 6, X0 is a ruled surface by [TTZ05, Theorem 0.2]. By Theorem 1.1, we
have that qfκ = q(X0) = 0, and thus X0 is a rational surface.
Case 2: n ≥ 1.
Comparing Rκ,n with Rκ, it is easy to see that fκ,n has 2n + 3 singular fibers, three of
them are the same as singular fibers of fκ and the others are all of type [I
∗
0−0−0]. Hence
λ(fκ,n) =
1
30
, κ(fκ,n) =
1
15
, δ(fκ,n) =
1
3
,
by Theorem 1.1.
For each integer n > 0, the family fκ,n is the same as fκ except a finite fibers. So the
image of fκ,n in Mg induced by the moduli map is the same as that of fκ. Hence we will
complete the proof after proving Claim B.
Proof of Claim B: See Figure 7 for the branch locus Rκ in P .
(P1, t)
0 1 ∞
Γ0
5 (5,2)
(0,0)
Γ1
3
2
(1,1)
Γ∞
2
22
(∞,∞)
Figure 7: Branch locus of fκ
Denote by ri(Rg) the contribution of the point (x, t) = (i, i) (i = 0, 1,∞) to the relative
ramification index r(Rg).
F0: Let p be the point (x, t) = (0, 0). The local equation of Rg near p is g(x, t) in (6.5), then
we know that
(1) The root x = 0 of g(x, 0) = 0 is with multiplicity 5.
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(2) The point p is a singularity of Rg with multiplicity m1 = 2, and the vertical direction
is a tangent line of Rg with multiplicity 2.
(3) From the following figure of resolution of p, we have that r0(Rg) = m1(m1 − 1) +
m2(m2 − 1) + 4 = 8, where 4 comes from the contribution of smooth ramification points.
p
5
m1=2←−
3
m2=2←−
Hence the local equation of Rg near p is the same as y
2 = x5 + t2, F0 is of type [IX− 1]
and the dual graph of F0 is Figure 6(c).
F1: Let q be the point (x, t) = (1, 1). The local equation of Rg near q is
g1(u, s) := g(u+ 1, s+ 1) = 5u
6 + 12u5 + (15u4 + 80u3 + 60u2)r − (45u2 + 60u+ 4)r2 + 9r3.
Then we know that
(1) The root u = 0 of g1(u, 0) = 0 is of multiplicity 5.
(2) The point q is a singularity of Rg with multiplicity m1 = 2, and the vertical direction
is a tangent line of Rg with multiplicity 2.
(3) From the following figure of resolution of q, we have that r1(Rg) = m1(m1 − 1) +
m2(m2 − 1) + 3 = 7, where 3 comes from the contribution of smooth ramification points.
q
m1=2←−
2
m2=2←−
Hence the local equation of Rg near q is the same as y
2 = (x2 + t)(x3 + t), and the dual
graph of F1 is Figure 2(b).
F∞: The local equation of Rg near (x, t) = (∞,∞) is
g∞(w, r) = w
6r3g(1/w, 1/r)
= 9w6 + (−16w6 + 30w5 − 45w4)r + (20w3 + 15w2)r2 + (−18w + 5)r3.
(6.6)
It is easy to see that this is the same as F∞ in Proposition 6.1. In particular, r∞(Rg) = 15.
Now we know that the relative ramification of Rg is
r(Rg) = KP/P1Rg +R
2
g = 30 ≥ r0(Rg) + r1(Rg) + r∞(Rg) = 30.
So fκ has no other singular fibers.
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